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® Employ iterative solver,

® Approaches require R and R*,

® Discrete A~ R and B ~ R*. AT # B. Problematic for iterative solvers.

® Resolutions of discretizations:
® Spatial resolution §, and detector resolution dg,
® Most commonly, balanced resolutions §, = ds.
® Different discretization techniques
® Ray-driven ... forward +, backward —,

® Pixel-driven ... forward —, backward +.

Goal: Investigate approximation properties!
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Definition
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® Angles: ¢o < --- < ¢n, -1, With ¥, = (cos(¢y),sin(¢g)),

§, = [L=ttle Satduil] and §y = max, |B,].
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® Angles: ¢g < --- < ¢n,—1, with ¥4 = (cos(¢g),sin(¢q)),

d _[ij[

e = and §; = max, |®,|.
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Parallel beam setting

® Angles: ¢o < --- < ¢n, -1, With ¥, = (cos(¢y),sin(¢g)),

d _[ij[

e = and §; = max, |®,|.

® Detector ostets Equispaced sp < -+ < sy,—1 with corresponding pixels
5
Sp = sp+ [~ 551

® Image pixels: Equispaced pixels X;; with centers x;; and width d,.

® Discretization parameters: 5, 6, and ¢,.

®, x5, .
y | iR
(@g5 Sp) - 140

——¢2:
——¢3‘
——¢4 S
__¢5‘OQ
__¢6: (0]
__¢7\
1 pg

p Lyl by by lyly _
Tsilsotsalsatsslsgisisg T
J

—1 Detector 1
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Interpretation of discretizations

* Notationally § = (8, ds,d4) € (RT)3.

L2(Q)———L*(S)
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Interpretation of discretizations

* Notationally § = (8, ds,d4) € (RT)3.

® We consider (finite-dimensional) spaces of piecewise constant function
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Interpretation of discretizations

* Notationally § = (8, ds,d4) € (RT)3.

® We consider (finite-dimensional) spaces of piecewise constant function

U{s = span{XXij }iJ'E[N'I]’

L2(Q)———L*(S)
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Interpretation of discretizations

* Notationally § = (8, ds,d4) € (RT)3.

® We consider (finite-dimensional) spaces of piecewise constant function

Us := span{xx,, }i je[N.]» Vs := span{Xa, x5, }¢€[Ny].pE[N.]-
2 R 2
LA(Q)————L*(S)

10 DTU Compute Convergence unmatched operator pairs

=
—
=

M

15.04.2025



]
=

M

Interpretation of discretizations

* Notationally § = (8, ds,d4) € (RT)3.

® We consider (finite-dimensional) spaces of piecewise constant function

Us := span{xx,, }i je[N.]» Vs := span{Xa, x5, }¢€[Ny].pE[N.]-

® Matrix implementation A can be associated with Rs: Us — V.

12— 12(5)
Pu, 7"*/5
Rs
UaT)Vd
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Interpretation of discretizations

* Notationally § = (8, ds,d4) € (RT)3.

® We consider (finite-dimensional) spaces of piecewise constant function

Us := span{xx,, }i je[N.]» Vs := span{Xa, x5, }¢€[Ny].pE[N.]-

® Matrix implementation A can be associated with Rs: Us — V.

® Entry Agpij ... weight attributed to the calculation of Ly, ., from a pixel X;;.

12— 12(5)
Pu, 7"*/5
Rs
UaT)Vd
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Interpretation of discretizations

* Notationally § = (8, ds,d4) € (RT)3.

® We consider (finite-dimensional) spaces of piecewise constant function

Us := span{xx,, }i je[N.]» Vs := span{Xa, x5, }¢€[Ny].pE[N.]-

® Matrix implementation A can be associated with Rs: Us — V.

® Entry Agpij ... weight attributed to the calculation of Ly, ., from a pixel X;;.

12— 12(5)
Pu, 7"*/5
Rs
UaT)V(s
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Interpretation of discretizations

* Notationally § = (8, ds,d4) € (RT)3.

® We consider (finite-dimensional) spaces of piecewise constant function

Us := span{xx,, }i je[N.]» Vs := span{Xa, x5, }¢€[Ny].pE[N.]-

® Matrix implementation A can be associated with Rs: Us — V.
® Entry Agpij ... weight attributed to the calculation of Ly, ., from a pixel X;;.
® Note that Us C L*(Q2) and V5 C L?*(S), so Rs can be compared to R.

12— 12(5)
Pu, 7"*/5
Rs
UaT)Vd
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Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform
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Definition (Convolutional discretization)

Given a weight-function w: [0, 7[xR — R we define the convolutional Radon

transform

[R§ f1(#,5)

-1

Z Z Xa, x5, (0,5) Z W(dg, Tij - Vg — Sp)

1,j=0

Xi]'

f(z)dx,

(=]
—
=

M
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Definition (Convolutional discretization)

Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform

Ng—1N,—1 —1
(R f1(6:8) = > > Xayxs,(6:9) Z W(dg, ij g —sp) | flz)da,
q=0 p=0 1,j=0 Xij

and the convolutional backprojection
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Definition (Convolutional discretization)

Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform

Ng—1N,—1 —1
(R f1(6:8) = > > Xayxs,(6:9) Z W(dg, ij g —sp) | flz)da,
q=0 p=0 i,j=0 Xij
and the convolutional backprojection
N;—1 N¢—1N,-1
Ry gl(e) = 3 xx ) o D wlopay dy=s) [ g(09)d(@.9).
i,j=0 g=0 p=0 ®axSp
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Definition (Convolutional discretization)

Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform

Ng—1N,—1 —1
(R f1(6:8) = > > Xayxs,(6:9) Z W(bg, wij Vg —sp) | flz)da,
q=0 p=0 i,j=0 Xij
and the convolutional backprojection
N;—1 N¢—1N,-1
Ry al(o)i= 3w, (@) 3o D wlogeay vy —5) [ g6.5)dons)
i,j=0 ¢=0 p=0 PgxS

q p

® Matrix entry Ay, i = w(Pg, zij - Vg — Sp).
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Definition (Convolutional discretization)

Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform

Ng—1N,—1 —1
(R f1(6:8) = > > Xayxs,(6:9) Z W(dg, w1 Vg —5p) | flz)da,
q=0 p=0 i,j=0 Xij
and the convolutional backprojection
N;—1 N¢—1N,-1
Ry gl(e) = 3 xx(0) o D0 wlopr vy 5) [ g(@9)d(@0).
i,j=0 ¢=0 p=0 PgxS

q p

® Matrix entry Agpi; = w(Pg, zi; - Uy
® The term x;; - U, —

—5p)-

s, denotes the normal distance from x;; to Ly,
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Definition (Convolutional discretization)

Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform

Ng—1N,—1 —1
(R f1(6:8) = > > Xayxs,(6:9) Z W(dg, ij g —sp) | flz)da,
q=0 p=0 i,j=0 Xij
and the convolutional backprojection
N;—1 N¢—1N,-1
Ry gl(e) = 3 xx ) o D wlopay dy=s) [ g(09)d(@.9).
i,=0 =0 p=0 ®axSp

® Matrix entry Agpi; = w(Pg, Tij - Vg
® The term x;; - ¥

— p)-

q — Sp denotes the normal distance from z;; to Ly,
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Definition (Convolutional discretization)
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Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform

Ng—1N,—1 1
(RS f1(d,5) =D > Xayxs,(4:9) Zw(qsq,xij-ﬂq—sp)/ f(x)d
q=0 p=0 i,j=0 Xij
and the convolutional backprojection
N;—1 N¢—1N,-1
Ry gl(e) = 3 xx ) o D wlopay dy=s) [ g(09)d(@.9).
i,j=0 =0 p=0 $qxSp

® Matrix entry Ay ;i = w(Pg, Tij - Vg — Sp).

® The term wx;; - J, — s, denotes the normal distance from x;; to Ly,

® Discretization of [R¥ f](¢, s) = ([Rf] *s w)(¢,5) = [p[RfI(d,t)w(o,s —t)dt
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Definition (Convolutional discretization)
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Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform

Ng—1N,—1 —1
(RS f1(d,5) =D > Xayxs,(4:9) Z W(g, xij Vg —sp) | f(z)da,
q=0 p=0 i,j=0 Xij

and the convolutional backprojection

N,—1 Ng—1N,—1
Ry gl(e) = 3 xx ) o D wlopay dy=s) [ g(09)d(@.9).
i,=0 =0 p=0 ®axSp

® Matrix entry Ay ;i = w(Pg, Tij - Vg — Sp).

® The term wx;; - J, — s, denotes the normal distance from x;; to Ly,

® Discretization of [R* f|(¢,s) = ([Rf] *s w) = [L[Rfl(o,t)w(o,s — t)dt.
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Definition (Convolutional discretization)

Given a weight-function w: [0, 7[xR — R we define the convolutional Radon
transform

Ng—1N,—1 1
(RS f1(d,5) =D > Xayxs,(4:9) Zw(qsq,xij-ﬂq—sp)/ f(x)d
q=0 p=0 i,j=0 Xij
and the convolutional backprojection
N;—1 N¢—1N,-1
Ry gl(e) = 3 xx ) o D wlopay dy=s) [ g(09)d(@.9).
i,j=0 =0 p=0 $qxSp

® Matrix entry Ay ;i = w(Pg, Tij - Vg — Sp).

® The term x;; - ¥, — s, denotes the normal distance from z;; to Ly, s,

® Discretization of [R¥ f](¢, s) = ([Rf] *s w)(¢,5) = [p[RfI(d,t)w(o,s —t)dt
® Note RY: L*(Q) — L?(S) and RY: L3(S) — L*(9) finite rank.
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Ray-driven Radon transform

For f5 = Zf\f;”:—ol fijxx.; € Us (i.e., constant with values f;; on Xj;),

M
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Ray-driven Radon transform

For f5 = Zf\g:”:_ol fijxx,, € Us (i.e., constant with values fi; on X;),

M
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Ray-driven Radon transform

For fs = Zf\f;”:—ol fijxx.; € Us (i.e., constant with values f;; on Xj;),

M

(Rs)(ursp) = | F@) 'L Ly, .,
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Ray-driven Radon transform

For fs = Zf\f;”:—ol fijxx.; € Us (i.e., constant with values f;; on Xj;),

M

Nz—1
RINGs ) = [ F@ AU L Ly, = 30 fy [ 1aHIL Ly,
i,j=0 i
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Ray-driven Radon transform

For fs = Zf\f;”:—ol fijxx.; € Us (i.e., constant with values f;; on Xj;),

M

Nz—1
RINGs ) = [ F@ AU L Ly, = 30 fy [ 1aHIL Ly,
i,j=0 ij
Np—1
= Z finl(L¢q’5PmXi‘)
i,j=0
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Ray-driven Radon transform
For f5 = Zf\f;‘:_ol fijxx.; € Us (i.e., constant with values f;; on Xj;),

N;—1

RIsGursy) = | F@ A L Loy = Y iy [ 10H L Lo,
i,j=0 i
Np—1
= > fifH' (Loy.s, N Xij)
i,5=0

Q

12 DTU Compute

=
—
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Ray-driven Radon transform

For fs = Zf\f;‘:_ol fijxx.; € Us (i.e., constant with values f;; on Xj;),

M

Nz—1
RIsGursy) = | F@ A L Loy = Y iy [ 10H L Lo,
i,j=0 ij
Np—1
= > fijH (Lg,s, N Xij) =t [RE f5)(dg, 5p)
i,j=0

We would like 62 w5 (¢q, zij - 9q — sp) = H (Le,,s, N Xij)-

Q
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Ray-driven Radon transform

For fs = Zf\f;‘:_ol fijxx.; € Us (i.e., constant with values f;; on Xj;),

M

N;—1

RINGw ) = [ F@) AH LLopn, = 3 fi [ 14H L Lo,
Q ig=0 X
Nz—1
= Y fiiH' (Lg,.s, N Xij) =2 [R5 f5](dg, 5p)
i.j=0

We would like 62 w5 (¢q, zij - 9q — sp) = H (Le,,s, N Xij)-

Q
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Ray-driven weights

Definition ( Ray-driven weights)
Given & and ¢ € [0, [, we set 5(¢) := 2 (| cos(¢)| + | sin(¢)]),

s(¢) == %(|| cos(e)| — |sin(¢)||) and k(¢) := min { \60:(¢)| , \sTl(w} We define
the ray-driven weight function for ¢t € R according to
F»(@b)( - if [t] < s(¢),
S(8)—|t . -
wgd(¢7t) — i iw‘COS(@ sin(e)| If ‘t| € [§(¢)a 5(¢)[7
oz | 3 if € {0,5} and [t| =3(s),
0 else.
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Ray-driven weights

Definition ( Ray-driven weights)

)
o |
=

M

Given & and ¢ € [0, [, we set 5(¢) := 2 (| cos(¢)| + | sin(¢)]),

(6) =

#(9)
5(0)— 1]

1 ) seosiaemray
Wi(¢, t) 1= — { Felcos(@)sin(@)]

1
2
0

| cos(¢)| — | sin(e)||) and k(¢) := min { o] \S,Tl(w} We define
the ray-driven weight function for ¢ € R according to

if [t] < s(e),

if [t] € [s(¢), ()],

if € {0,5} and [t| =3(s),
else.

13 DTU Compute
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Pixel-driven approach

Reglaig) = [ glowi0(6)do

[771-777[
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Pixel-driven approach

Ng—1

Regl(ai) = [

[771-777[

14 DTU Compute Convergence unmatched operator pairs

N ¢
9(6,5-9(0)dd = N [@glg(g, wis - D)
q=0
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Pixel-driven approach

Regl(ai) = [

[771-777[

9(6,2ij - 0(9)) do '

14 DTU Compute

Ng—1

b
Z |‘I)q|9(¢q,$z‘j'?9q>
o

Convergence unmatched operator pairs
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Pixel-driven approach =
Ny—1
k p.w.
[R*g)(zij) :/[ [g(d% x5 - 9(¢)) do Coﬁgt Z |Pglg(bg, xij - Vyq)
—T, T © 4=0
Ny—1
lin. d
m?erp |5q| Z (65 — |5Eij Vg — Sp|)gqp
Cg=1 s {p:|zij¥q—sp|<ds}
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Pixel-driven approach

Ng—1
k p.w.
[R¥g)(zij) = /[ [g(g[),:L'ij -9(¢)) do i Z |®1g(dg, Tij - Vq)
—T, T " =0
Ng—1
lin. 0]
int?rp. ‘(Sq Z (05 = |zi5 - Vg — Spl)ggp
7=1 3 {p:|zij-Iq—sp|<ds}

WP (o, t) = (1) :

14 DTU Compute

Convergence unmatched operator pairs  15.04.2025
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Pixel-driven approach

Ny—1
k p.w.
IR gl(eg) = /[ [g(d)’ ziy - 9(¢)) d¢ const Z |®g|g(Bg, zij - Vg)
—TT, a0
Ny—1
lin. 0]
int?rp. |5q| Z (05 = |zi5 - Vg — Spl)ggp
7=1 3 {p:|zij-Iq—sp|<ds}

1
wp(9,1) = wp'(t) == <5 max{d — |1],0}

for ¢ € [0, 7], t € R.

14 DTU Compute Convergence unmatched operator pairs  15.04.2025



)
o |
=

Pixel-driven approach =
Ny—1
k p.w.
[R g](l‘ij)Z/[ [g(qb,fﬁij'ﬁ(cb))d(b 2> |Pglg(6g,wis - 9g)
—T,T S p—;
Ny—1
lin. s |l

d*
5 > (05 = |zij - Vg — spl)gqp = [R5 9lij
q=1 5 {p:|zij¥q—sp|<ds}

Wi (¢, ) = wB(t) -

interp.

1
max{ds — [t],0} for ¢ € [0, 7], t € R.
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Pixel-driven approach =
Ny—1
k p.w.
[R*g)(s5) = /[ [9(¢a$ij () do wfst Z |Pglg(bg, Tij - V)
—, T © =0
in. 2 (@, o
~ Z . Z (05 — |wij - Og — spl)gap := [RS" glij

nterp. (5
Prg=1 %8 (pila0g—spl<di)

1
W4, 1) = wPi(t) == symax{, — [t|,0}  forp € (0,7, tER.

® Backprojection approximated via sums and linear interpolation.

14 DTU Compute Convergence unmatched operator pairs  15.04.2025



Outline

e Convergence Results

15 DTU Compute

Convergence unmatched operator pairs

)
o |
=

M

15.04.2025



16

)
o |
=

Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.
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Convergence in the strong operator topology

M

Let (571)H€N - (571L 5;;: oy

Jnen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.

° /fg—sz < c foralln € N, then,
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.

o If % < ¢ foralln €N, then,
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.

° /fg—sz < c for alln € N, then, for any f € L?(2), we have

lim |Rf —R5 fllr2es) = 0. (conv'?)
n—oQ
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.

° /fg—sz < c foralln €N, then, for any f € L*(Q2), we have

lim |Rf —R5 fllr2es) = 0. (conv'?)
n—oQ
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.

° /fg—sz < c for alln € N, then, for any f € L?(2), we have

”h_r& IRf — R5 fllrz(s) = 0. (conv'?)
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.

° /fg—sz < c for alln € N, then, for any f € L?(2), we have

lim |Rf —R5 fllr2es) = 0. (conv'?)
n—oQ

® |f the sequence (6™)nen satisfies % "0
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.

° /fg—sz < c for alln € N, then, for any f € L?(2), we have

lim |Rf —R5 fllr2es) = 0. (conv'?)
n—oQ

® |f the sequence (6™)nen satisfies 2— 200
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.

. /fg—sz < c for alln € N, then, for any f € L?(2), we have

lim |Rf —R5 fllr2es) = 0. (conv'?)
n—oQ

® |f the sequence (6™)nen satisfies j—%ﬁ "2°0, then, for each g € L?(S), we have

lim Ry — R gllr2q) = 0. (convd*)
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Convergence in the strong operator topology

M

Let (0")nen = (03,03, 05 )nen be a sequence of discretization parameters with
6" "Z° 0 (componentwise) and let ¢ > 0 be a constant.
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A generic finite rank approximation =
o 2 R 2
® R finite rank operator, L (Q)———L4(S)
*Rs = 'P{,kVAPU, P D
® Finite dimensional U C L?(€2) and v R w
W c L3(S), J
® A: U — W and P orthogonal projections. UT)W
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® R finite rank operator, L*(Q)———L4(S)
* Rs =Py APy,
. W . . PUa P‘*/
® Finite dimensional U C L?(€2) and R 0
W c L%(S), 2

® A: U — W and P orthogonal projections. U(STH/&

* If U = Us = span{xx,, }-
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® [Ruyj|(¢, s) = wid(¢, zij - ¥ — s) =t w;; which span Ws.
* Ws ¢ Vs = span {xa,xs, }

® Given g € L*(S) N Ws.
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A generic finite rank approximation

R
® R finite rank operator, L%Q)—)l}f(é‘)
*Rs =Py APy, ' .
.. . . 2 PU& :PWJ
® Finite dimensional U C L*(Q)) and '
W cC L?(S), '
® A: U — W and P orthogonal projections. U5TWV6
Us

® If U = Us = span{xx,, }. (Basis vectors u;; = xx,,)

® [Ruyj|(¢, s) = wid(¢, zij - ¥ — s) =t w;; which span Ws.
* Ws ¢ Vs = span {xa,xs,}

® Given g € L*(S) N Ws.
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A generic finite rank approximation

R
® R finite rank operator, L2(Q)—)lf(5)
*Rs =Py APy, ' .
.. . . 2 PU& :PWJ
® Finite dimensional U C L*(Q)) and '
W cC L?(S), '
® A: U — W and P orthogonal projections. U5TWV6
Us

® If U = Us = span{xx,, }. (Basis vectors u;; = xx,,)

® [Ruyj|(¢, s) = wid(¢, zij - ¥ — s) =t w;; which span Ws.
* Ws ¢ Vs = span {xa,xs, }

® Given g € L*(S) N Ws.

Ng—1 . N,—1
L4 g = Zij:O 5”"[01']', then f = Zi,j:O [))”u” s.t. Rf =4dg.
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A generic finite rank approximation

R
® R finite rank operator, L2(Q)—)lf(5)
*Rs =Py APy, ' .
.. . . 2 PU& :PWJ
® Finite dimensional U C L*(Q)) and '
W cC L?(S), '
® A: U — W and P orthogonal projections. U5TWV6
Us

® If U = Us = span{xx,, }. (Basis vectors u;; = xx,,)

® [Ruyj|(¢, s) = wid(¢, zij - ¥ — s) =t w;; which span Ws.
* Ws ¢ Vs = span {xa,xs, }

® Given g € L*(S) N Ws.
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A generic finite rank approximation

R
® R finite rank operator, L%Q)—)l}f(é‘)
*Rs =Py APy, ' .
.. . . 2 PU& :PWJ
® Finite dimensional U C L*(Q)) and '
W cC L?(S), '
® A: U — W and P orthogonal projections. U5TWV6
Us

® If U = Us = span{xx,, }. (Basis vectors u;; = xx,,)

® [Ruyj|(¢, s) = wid(¢, zij - ¥ — s) =t w;; which span Ws.
* Ws ¢ Vs = span {xa,xs,}

® Given g € L*(S) N Ws.

°g= Zzy " &jwlj, then f = ZZJ “0 Bmu” st. Rf =g.

® Finding coefficients as difficult as tomographic problem.
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Optimal finite rank operator

® Prefer Vs as basis to W:
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Optimal finite rank operator

® Prefer Vs as basis to W:

® Know orthogonal basis,
® Coefficients easily determinable,
® | ocal basis.

24 DTU Compute
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Optimal finite rank operator

12(0) ——

h
v
)

® Prefer Vs as basis to W: »
Us

® Know orthogonal basis,
® Coefficients easily determinable,

® | ocal basis. Us \
R\Ua W5

® Given w € Ws, what is the closest v € V57

-----%.---)
5*
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Optimal finite rank operator

R
L?(Q) ——— L%(S)
A
® Prefer Vs as basis to W: !
. PU& !
® Know orthogonal basis, | P
® Coefficients easily determinable, ' Ws
® | ocal basis. Us '
R\Ua W(S

® Given w € Wy, what is the closest v € V7
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Optimal finite rank operator
R
L*(9Q) > L2(S)
® Prefer Vs as basis to W:
Pu,
® Know orthogonal basis,

® Coefficients easily determinable,
® | ocal basis.

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).
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Optimal finite rank operator

L*(9Q) > L2(S)
® Prefer Vs as basis to W:
Pus

® Know orthogonal basis,
® Coefficients easily determinable,

® Local basis. Us \ / Vs
Riv; Ws P

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).

® Can consider projection v = Py, w
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Optimal finite rank operator

L*(9Q) > L2(S)
® Prefer Vs as basis to W:
Pus

® Know orthogonal basis,
® Coefficients easily determinable,

® Local basis. Us \ / Vs
Riv; Ws P

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).

N¢712stl

® Can consider projection v = Py,w = > % > = (W, Vgp) Vgp-
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Optimal finite rank operator
R
L*(9Q) > L2(S)
® Prefer Vs as basis to W:
Pu,
® Know orthogonal basis,

® Coefficients easily determinable,
® | ocal basis.

Us / Vs
%Wg Pvs

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).

. I No—1 ¢ N,—1
® Can consider projection v = Py,w = 37 %" > =0 (w, vgp) Vgp-
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Optimal finite rank operator

® Prefer Vs as basis to W:

® Know orthogonal basis,
® Coefficients easily determinable,
® | ocal basis.

=
—
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L*(9Q) > L2(S)

Pus

® Given w € Ws, what is the closest v € V57

* Both Wy, Vs C L2(S).

e Can consider projection v = Py,w =Y

Ny—1
q=0

Combined, for R3" := Py, Py, Ry, Pu,

24 DTU Compute
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No—1
Zp:() (W, Vgp)Vgp-

Convergence unmatched operator pairs  15.04.2025



Optimal finite rank operator

® Prefer Vs as basis to W:

® Know orthogonal basis,
® Coefficients easily determinable,
® | ocal basis.

L*(9Q) R > L2(S)
Pus Py

® Given w € Ws, what is the closest v € V57

* Both Wy, Vs C L2(S).

e Can consider projection v = Py,w =Y

Ny—1
q=0

Combined, for R := Py, PvsRius Pus

24 DTU Compute

Us Vs
%W(g/‘/&'

No—1
szo (W, Vgp) Vgp-
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Optimal finite rank operator
R
L*(9Q) > L2(S)
® Prefer Vs as basis to W: .
PU5 PV,;

® Know orthogonal basis,
® Coefficients easily determinable,

® Local basis. Us \ / Vs
Riv; Ws P

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).

. I No—1 ¢ N,—1
® Can consider projection v = Py,w = 37 %" > =0 (w, vgp) vgp-

Combined, for R§" : = Py, Pvs RiusPus and u = ZZ] 5 ozz]u” we have
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Optimal finite rank operator
R
L*(9Q) > L2(S)
® Prefer Vs as basis to W: .
PU5 PV,;

® Know orthogonal basis,
® Coefficients easily determinable,

® Local basis. Us \ / Vs
Riv; Ws P

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).

. I No—1 ¢ N,—1
® Can consider projection v = Py,w = 37 %" > =0 (w, vgp) vgp-

Combined, for R3" := Py, Py, Ry, Pu; and u = ZZ] ot ijuij we have
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Optimal finite rank operator =
R
L*(9Q) > L2(S)
® Prefer Vs as basis to W:
. PU& P‘*/,s
® Know orthogonal basis,
® Coefficients easily determinable,
® | ocal basis. Us Vs

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).

. _— Ny—1 —
® Can consider projection v = Py,w = 3% Z;V;O N w, vgp)vgp-
Combined, for R§ := Py Pvs RiusPus and u = Zf}’“:_ol a;;juij we have

N¢—1Ng—1 Ny—

Pu = Z Z Z Qg Rumv”qﬁ“qp

q=0 p=0 1,j=0

Wy 5
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Optimal finite rank operator =

® Prefer Vs as basis to W:

® Know orthogonal basis,
® Coefficients easily determinable, A

® | ocal basis. Us /V Vs
%W(s Pv;

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).

. I No—1 ¢ N,—1
® Can consider projection v = Py,w = > % > = (W, Vgp) Vgp-

. o Np—1
Combined, for RE" := Py Pv; Ry, Pu; and u = Y5530, aijuij we have

Np—1Ny—1 Np—

Pu= Z Z Z Qi R“uﬂ“quqp

q=0 p=0 1,j=0
u,]
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Optimal finite rank operator =

® Prefer Vs as basis to W:

® Know orthogonal basis,
® Coefficients easily determinable, A

® | ocal basis. Us /V Vs
%W(s Pv;

® Given w € Ws, what is the closest v € V57
® Both W, Vs C L2(S).

. I No—1 ¢ N,—1
® Can consider projection v = Py,w = 37 %" > =0 (w, vgp) vgp-

. o No—1
Combined, for R§ := Py PvsRiu;Pus and uw= 37,570 aju;; we have

Np—1Ny—1 Np—

Pu = Z Z Z Qg Rumv”qﬁ“qp

q=0 p=0 1,j=0

wij
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Optimal discretization

M

Due to the orthogonality properties, we have
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Optimal discretization

M

Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s) for all u € Us, v € V5,
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Optimal discretization

M

Due to the orthogonality properties, we have

Ru—RFP u
| 5

r2s) < [Ru—wv

12(S) for all w € Us, v € V;,
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Optimal discretization

M

Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s) for all u € Us, v € V5,
[R*v — R v r2(0) < [|R* v — ull 120 for all uw € Us, v € V;.
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Optimal discretization

M

Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s) for all u € Us, v € V5,
R v — R v

2@ < R*v —ul| 2 for all u € Us, v € V.
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Optimal discretization

M

Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s) for all u € Us, v € V5,
[R*v — R v r2(0) < [|R* v — ull 120 for all uw € Us, v € V;.
In particular,
[Ru — REP ul|p2s) < |Ru — RE ul|r2(s) for all u € Uy,

[R*v — R vl 12(0) < [|R*v — Rgd* v]l2(0) for all v € V.
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Optimal discretization
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Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s) for all u € Us, v € V5,
[R*v — R v r2(0) < [|R* v — ull 120 for all uw € Us, v € V;.
In particular,
[Ru — R ul|r2(s) < ||Ru — R ul|p2(s) for all u € Uy,

[R*v — R vl 12(0) < [|R*v — Rgd* v]l2(0) for all v € V.

25 DTU Compute Convergence unmatched operator pairs  15.04.2025



)
o |
=

Optimal discretization

M

Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s) for all u € Us, v € V5,
[R*v — R v r2(0) < [|R* v — ull 120 for all uw € Us, v € V;.
In particular,
[Ru — REP ul|p2s) < |Ru — RE ul|r2(s) for all u € Uy,

[R*v — R vl 12(0) < [|R*v — RYI” vl L2(0) for all v € V.
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Optimal discretization

)
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M

Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s)

[R*v — RGP

for all w € Us, v € V;,
s Vllzz) < IR"v —ullz2(q)

for all u € Us, v € V.
In particular,

[Ru — REP ul|p2s) < |Ru — RE ul|r2(s) for all u € Uy,
[R*v — R vl 12(0) < [|R*v — Rgd* v]l2(0) for all v € V.

® Qur choice of Us and Vs somewhat arbitrary.
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Optimal discretization

)
o |
=

M

Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s)

[R*v — RGP

for all u € Us, v € Vy,
s vllre) < IR — ull2(q)

for allu € Us, v € V.
In particular,

[Ru — REP ul|p2s) < |Ru — RE ul|r2(s) for all u € Uy,
[R*v — R vl 12(0) < [|R*v — Rgd* v]l2(0) for all v € V.

® Qur choice of Us and V5 somewhat arbitrary.

® Explicit orthonormal system.

25 DTU Compute

Convergence unmatched operator pairs  15.04.2025



)
o |
=

Optimal discretization

M

Due to the orthogonality properties, we have

[Ru — R§” ull r2(s) < [[Ru — vl L2(s) for all u € Us, v € V5,
[R*v — R v r2(0) < [|R* v — ull 120 for all uw € Us, v € V;.

In particular,

[Ru — REP ul|p2s) < |Ru — RE ul|r2(s) for all u € Uy,

[R*v — R vl 12(0) < [|R*v — Rgd* v]l2(0) for all v € V.

® Qur choice of Us and V5 somewhat arbitrary.
® Explicit orthonormal system.

® Other choices possible, e.g., piecewise linear.
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How to calculate weights

N,—1
® Recall, for u =}, _ aijui; we have
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How to calculate weights

M

N,—1
® Recall, for u =}, _ aijui; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0
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How to calculate weights

M

N,—1
® Recall, for u =}, _ aijui; we have

Ng—1N,—1N,—1

Rs"u =0y Z Z Z ij (Wi, Vgp) Vgp-

¢=0 p=0 i,j=0
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How to calculate weights

M

N,—1
® Recall, for u =}, _ aijui; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?
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How to calculate weights

M

N,—1
® Recall, for u =}, _ aijui; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?

® \We calculate
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How to calculate weights
® Recall, for u = vaf:_ol a;;u;; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?

® \We calculate

1
<wija”qp>:(sT/ / HY(X;;NLys) dsde
s|Pq] . JS,
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How to calculate weights

M

N,—1
® Recall, for u =}, _ aijui; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?

® \We calculate

1 1
(Wij, Vgp) = 7/ / HY (X, :NL s)dsde = 7/ L£2(X,;NStrip do,
J qp> 5s|‘1)q| s, /s, ( J ¢ ) 5s|‘1>q| ®, ( J ¢,Sp)
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How to calculate weights

M

N,—1
® Recall, for u =}, _ aijui; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?

® \We calculate
_ 1 1 _ 1 2 v .
(wisv) = 5 [, Ko dsdg = gy [ 220, 0, ) 0o

where Strip ¢ = {z € X;; N Ly s for some s € Sp}.
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How to calculate weights
® Recall, for u = va,;”:_ol a;;u;; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?

® We calculate
1 1 1 2 .
iis = — X;:NLy s)dsd¢ = —— X,;:NSt do,
(Wi vap) as|<1>q|[pq/sp”( iNLo.)dsdg &I%I[bqﬁ( sT5t1P,5,) A9

where Strip ¢ = {z € X;; N Ly s for some s € Sp}.

® We can calculate £*(X;; N Strip,, g ) efficiently.
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How to calculate weights
® Recall, for u = va,;”:_ol a;;u;; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?

® We calculate
1 1 1 2 .
iis = — X;:NLy s)dsd¢ = —— X,;:NSt do,
(Wi vap) as|<1>q|[pq/sp”( iNLo.)dsdg &I%I[bqﬁ( sT5t1P,5,) A9

where Strip ¢ = {z € X;; N Ly s for some s € Sp}.

® We can calculate £*(X;; N Strip,, g ) efficiently.

® Many different cases, makes integration
difficult.

26 DTU Compute Convergence unmatched operator pairs  15.04.2025



=
—
=

How to calculate weights

M

N,—1
® Recall, for u =}, _ aijui; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?

® We calculate
1 1 1 2 .
iis = — X;:NLy s)dsd¢ = —— X,;:NSt do,
(Wi vap) as|<1>q|[pq/sp”( iNLo.)dsdg &I%I[bqﬁ( sT5t1P,5,) A9

where Strip ¢ = {z € X;; N Ly s for some s € Sp}.

® We can calculate £*(X;; N Strip,, g ) efficiently.

® Many different cases, makes integration
difficult.

® For now (w;;, vgp) = Cz(Xij N Stripcﬁqup)'
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How to calculate weights

M

N,—1
® Recall, for u =}, _ aijui; we have

Ng—1N,—1N,—1

R¥ u = 0, Z Z Z i (Wij, Vgp) Vgp-

¢=0 p=0 i,j=0

® Can we explicitly and efficiently calculate (w;;, vgp) = (Ruij, Vgp)?

® We calculate
1 1 1 2 .
iis = — X;:NLy s)dsd¢ = —— X,;:NSt do,
(Wi vap) as|<1>q|[pq/sp”( iNLo.)dsdg &I%I[bqﬁ( sT5t1P,5,) A9

where Strip ¢ = {z € X;; N Ly s for some s € Sp}.

® We can calculate £*(X;; N Strip,, g ) efficiently.

® Many different cases, makes integration
difficult.

® For now (wij, vgp) ~ L£7(Xi; N Strip,, s ).
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Weighted Strip models

® The described weights correspond to the ‘Strip Model'.
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® The described weights correspond to the ‘Strip Model'.
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Weighted Strip models

® The described weights correspond to the ‘Strip Model'.

® Due to the orthogonality we now this is optimal discretization.
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® The choice of spaces Us and Vs somewhat arbitrary.
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® Finite rank operator between piecewise constant function spaces,
® Both Ray-driven and Pixel-driven are special cases.

e Convergence:

® Suitable discretization parameter,
® Convergence in the strong operator topology,
® Experiments confirm behaviour.

® Optimal discretizations:

® Weighted-Strip models,
® Better approximation,
® Matched operator pairs.

® Qutlook:

® Extensions to Fanbeam and Conebeam transformations,
® Implementation and testing of optimal discretizations,
® Connection to Finite Element methods.
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