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Advanced Functional Analysis
1. Exercise Sheet – 13th October, 2021

Basic information: Sobolev Spaces
Let Ω ⊂ Rd be open for some d ∈ N0. We denote by C∞c (Ω) = {φ ∈ C∞(Ω)

∣∣ supp(φ) ⊂⊂ Ω} the
space of test functions, where ⊂⊂ stands for compactly contained. For a function f ∈ L1

loc(Ω),
a function ∂αf ∈ L1

loc(Ω) is called the weak derivative of f with respect to α ∈ Nd0 if∫
Ω
f(x)

∂φ

∂xα
(x) dx = (−1)|α|

∫
Ω
φ(x)∂αf(x) dx for all φ ∈ C∞c (Ω), (1)

where |α| =
∑d

i=1 αi and for x = (x1, . . . xd) the notation ∂
∂xα = ∂

∂x
α1
1

· · · ∂
∂x
αd
d

denotes αi times

derivation with respect to xi. In particular, the ith unit vector is denoted by ei and ∂eiu = ∂u
∂xi

.

Note that weak derivatives are unique (in the sense of L1
loc(Ω)) and ∂eiu = 0 holds for each

i ∈ {1, . . . , d} if and only if u is constant on every connected component of Ω.
For p ∈ [1,∞] and m ∈ N0 the Sobolev space Wm,p(Ω) is defined as the space of functions

Wm,p(Ω) =
{
f ∈ Lp(Ω)

∣∣ ∂αf ∈ Lp(Ω) ∀α ∈ Nd0 with |α| ≤ m
}
, (2)

in particular, said ∂αf are required to exist. We endow these spaces with the norms

‖f‖Wm,p =

 ∑
|α|≤m

‖∂αf‖pLp(Ω)

 1
p

for p ∈ [1,∞[, and ‖f‖Wm,∞ = max
|α|≤m

‖∂αf‖L∞(Ω).

Additionally, we define the space Wm,p
0 (Ω) as the closure of C∞c (Ω)∩Wm,p(Ω) with respect to

‖ · ‖Wm,p .

Example 1.1) [Partition of unity]
Let N ∈ N and for i ∈ {1, . . . , N} let Ui ⊂ Rd open and Ω ⊂

⋃N
i=1 Ui compact. Show that

there exist functions ξi ∈ C∞(Rd) for i ∈ {1, . . . , N} such that
0 ≤ ξi(x) ≤ 1 ∀x ∈ Ω ∀i ∈ {1, . . . , N},
supp(ξi) ⊂ Ui, ∀i ∈ {1, . . . , N},∑N

i=1 ξi(x) = 1 ∀x ∈ Ω.

(3)

Remark. A set of functions with property (3) is called a partition of unity and is useful as it
allows to first consider functions locally in small domains before extending to the entirety of Ω.

Example 1.2) [Fundamental theorem of calculus and Hölder continuity]
Let Ω = ]0, 1[ ⊂ R, p ∈ [1,∞] and u ∈W 1,p(Ω).

a) Show that

u(y)− u(x) =

∫ y

x
u′(s) ds for almost every (x, y) ⊂ Ω× Ω, (4)

where u′ = ∂e1u is the weak derivative of u and conclude that

|u(y)− u(x)| ≤ ‖u′‖Lp(Ω)|x− y|
1− 1

p for almost every (x, y) ⊂ Ω× Ω, (5)
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where we understand 1
∞ = 0.

b) Conclude that there exists a continuous function ũ with ũ = u almost everywhere on Ω.

Remark. This means that in 1d, the fundamental theorem of integration holds for Sobolev
spaces, and in particular, this implies that Sobolev functions are Hölder continuous for p > 1.
For p =∞, we even get Lipschitz continuity almost everywhere, and thus, almost everywhere
differentiability (Rademacher theorem). Note that this proof only works in 1d and cannot
be generalized to higher dimensions, in particular, for higher dimensions, it is not true that
Sobolev functions are necessarily continuous, see the embedding theorems in the lecture.

Example 1.3) [Classical identities for Sobolev spaces]
Let Ω ⊂ Rd open.

a) Show for f ∈Wm,p(Ω), g ∈Wm,p∗

0 (Ω) (with p ∈ [1,∞], 1
p + 1

p∗ = 1) and |α| ≤ m that∫
Ω
g∂αf dx = (−1)|α|

∫
Ω
f∂αg dx. (6)

b) Show that there is a constant c > 0, such that for u ∈W 2,2(Ω) ∩W 1,2
0 (Ω),

‖∇u‖2L2(Ω) ≤ c‖∆u‖L2(Ω)‖u‖L2(Ω) (7)

holds, where ∇u = (∂e1u, . . . , ∂edu) denotes the gradient and ∆u =
∑d

i=1 ∂
2eiu the

Laplace operator, both in a weak sense.

Remark. Many identities concerning integrals of derivatives for smooth functions can be
extended to Sobolev functions, in particular, (1) also holds for suitable Sobolev functions.

Example 1.4) [Wm,p as continuous functionals]
Let Ω ⊂ Rd open, u ∈ L1

loc(Ω) and p ∈ ]1,∞[, p∗ ∈ ]1,∞[ such that 1
p + 1

p∗ = 1.

a) Show that the following are equivalent:

• u ∈Wm,p(Ω),

• There is a constant c > 0 such that
∫

Ω u∂
αϕdx ≤ c‖ϕ‖Lp∗ for all ϕ ∈ C∞c (Ω) and

|α| ≤ m.

b) Does the analogue hold for W 1,1(Ω)?

Example 1.5) [Density of C∞(Ω)]
We consider the open set Ω =

{
(x, y) ∈ R2

∣∣ |x| ∈ ]0, 1[, y ∈ ]0, 1[
}

and let p ∈ [1,∞]. Show
that C∞(Ω) ∩W 1,p(Ω) is not dense in W 1,p(Ω).

Remark. As will be shown in the lecture, C∞(Ω) ∩W 1,p(Ω) is always dense, but the same
cannot be guaranteed for C∞(Ω) ∩W 1,p(Ω) unless Ω is sufficiently nice (extension domain).


